NEW EXAMPLES OF cq-SATURATED BANACH SPACES II 



I. GASPARIS 

Abstract. For every Banach space Z with a shrinking unconditional 
basis satisfying an upper p-estimate for some p > 1, an isomorphically 
polyhedral Banach space is constructed which has an unconditional basis 
and admits a quotient isomorphic to Z. It follows that reflexive Banach 
spaces with an unconditional basis and non-trivial type, Tsirelson's orig- 
inal space and (X]co)fp for p £ (l,oo), are isomorphic to quotients of 
isomorphically polyhedral Banach spaces with unconditional bases. 



1. Introduction 

An infinite-dimensional Banach space is co-saturated if every closed, lin- 
ear, infinite-dimensional subspace contains a closed, linear subspace isomor- 
phic to cq. It is classical result [16] that every C{K) space with K being 
a countable infinite, compact metric space, is CQ-saturated. This result was 
generalised in [8] to the class of the so-called Lindenstrauss-Phelps spaces, 
i.e., spaces whose dual closed unit ball has but countably many extreme 
points. These spaces in turn, belong to the class of the isomorphically poly- 
hedral spaces. We recall that a Banach space is polyhedral if the closed unit 
ball of each of its finite-dimensional subspaces has finitely many extreme 
points. It is isomorphically polyhedral if it is polyhedral under an equiv- 
alent norm. It was proved in [9] that separable isomorphically polyhedral 
spaces are co-saturated. 

Not much is known about the behavior of isomorphically polyhedral, or 
more generally co-saturated spaces, under quotient maps. It was asked in [17] 
if the dual of a separable isomorphically polyhedral space is ^i-saturated that 
is, every closed, linear, infinite-dimensional subspace of the dual contains a 
further subspace isomorphic to ii. It is an open problem ([E], [17], [18] ) 
if every quotient of a C{K) space with K a countable and compact metric 
space, is co-saturated. It was shown in [TO] that for every p G (l,cx3), ip 
is isomorphic to a quotient of an isomorphically polyhedral space with an 
unconditional basis. The purpose of this article is to extend this result by 
showing the following 

Theorem 1.1. Let Z he a Banach space with a shrinking, unconditional 
basis satisfying an upper p-estimate for some p > 1. Then, there exists an 
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isomorphically polyhedral space with an unconditional basis which admits a 
quotient isomorphic to Z. 

We obtain in particular, that reflexive spaces with unconditional bases and 
non-trivial type, are isomorphic to quotients of isomorphically polyhedral 
spaces with unconditional bases. The same property holds for (X^co)^^, for 
all p G (1,00). Using the fact that Tsirelson's space T [7] is isomorphic to 
its modified version (|12j. [5]), we also obtain that Tsirelson's original space 
T* [19] is isomorphic to a quotient of an isomorphically polyhedral space 
with an unconditional basis. 

A consequence of Theorem 11.11 is the existence of new examples of cq- 
saturated spaces admitting reflexive quotients. The first example of such 
a space was given in [3], where a certain Orlicz function space was shown 
to admit £2 as a quotient. It was proved in [13] that £2 is a quotient of a 
CQ-saturated space with an unconditional basis. 

More general results were obtained in [2] with the use of interpolation 
methods. They showed that every reflexive space with an unconditional 
basis has a block subspace which is isomorphic to a quotient of a co-saturated 
space. This result has been recently extended to cover all separable reflexive 
spaces. It is shown in [3] that every such space is a quotient of a co-saturated 
space with a basis. 

2. Preliminaries 

Our notation is standard as may be found in [14] . We shall consider 
Banach spaces over the real field. If X is a Banach space then Bx stands 
for its closed unit ball. A bounded subset B of the dual X* of X is norming, 
if there exists p > such that sup^-.g^ > p||a:|[, for all x G X. In case 

B C Bx* and p = 1, B is said to isometrically norm X. 

X is said to contain an isomorph of the Banach space Y (or, equivalently, 
that X contains Y isomorphically), if there exists a bounded linear injection 
from Y into X having closed range. 

A sequence (x„) in a Banach space is semi-normalized if inf„ |lx„,|l > 
and sup„ ||xn|| < 00. It is called a basic sequence provided it is a Schauder 
basis for its closed linear span in X. A Schauder basis (x„) for the space X 
is shrinking, if the sequence of functionals (x*), biorthogonal to (x„), is a 
Schauder basis for X* . 

If (x„) and (y„) are basic sequences, then (xn) dominates {yn) if there is 
a constant C > so that || Yll=i '^iUiW ^ C\\ Yll=i Oi^^iH, for every choice of 
scalars (ai)f=i and all n G N. The basic sequences (x„) and {yn) are equiva- 
lent, if each one of them dominates the other. A basic sequence (x^) is called 
suppression 1-unconditional, if || YlieF ^i^iW — II Y17=i^i^i\\^ n G N, 

all choices of scalars (aj)"^]^, and every F C {1, . . . ,n}. Evidently, such a 
basic sequence is unconditional, that is 6very scries of the form cifiXn 
converges unconditionally, whenever it converges. 
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If (x n) is a basic sequence in some Banach space X, then a sequence (tin) 
of non-zero vectors in X, is a block basis of if there exist a sequence 
of non-zero scalars (a^) and a sequence of sucessive finite subsets of 
N (i.e, max Fn < minF„+i for ah n G N), so that tt„ = X]jeF„ 
n G N. We then cah Fn the support of Un for ah n G N. Any member of a 
block basis of wih be cahed a of (x„). 

A Banach space with an unconditional basis (e„) satisfies an upper p- 
estimate, for some p > 1, if there exists a constant C > so that || XliLi ^dl — 
^(Sr=i ll^ilD"'^^^) for every choice of disjointly supported blocks of 

(e„). 

Given finite subsets E, F of N, then the notation E < F indicates that 
maxE < minF. If fi, v are finitely supported signed measures on N, then 
we write /x < z/ if supp ii < supp z^. 

A family of finite subsets of N is said to be compact if it is compact 
in the topology of pointwise convergence in 2^. We next recall the Schreier 
family 

5i = {F C N : |F| < minF} U {0}. 

The higher ordinal Schreier families {Sa ■ a < uji}, were introduced in [1] 
where it is shown that Sa is homeomorphic to the ordinal interval ], 
for all a < uji. 

3. The main construction 

Let Z he a Banach space with a normalized, shrinking, unconditional 
basis (z„). By renorming if necessary, we may assume that || "^n^nZnW = 
II l«nkn||, for every (a„) G cqo- Define : N ^ M, by 



bzik) = sup 



k 



1=1 



: (uj)f=i are finitely and disjointly supported 



blocks of (z„), lluill < 1, < L Vfc G N. 



It is easy to see that (pz is a submultiplicative function, that is (pzijm'n) < 
4>ziTn)4'zi'n) for all integers m, n. It follows from the results of [11] (cf. 
also Theorem l.f.l2 in [Hj), that Z satisfies an upper p-estimate for some 
p > 1 if, and only if, 4'z{k) < k for some k > 2. To define the desired 
isomorphically polyhedral space, we need to introduce some notations and 
definitions. Let Z satisfy an upper-p estimate for some p > 1. For simplicity, 
we shall write (p instead of (pz- 

Notation. Fix some ko > 2 with 0(fco) < ko and choose A G {(j){kQ)/ko, 1). 
Set en = (l/koT and 5„ = A", for all n G N U {0}. 

We next choose a sequence of successive finite subsets of N (i.e., 
maxF„ < minF„+i for all n G N) so that I]„(l/|-Fn|) < 1 and 1 + {l/5n) < 
en+i minF„_|_i, for all n G N U {0}. 
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Notation. Given n € N, let e* denote the point mass measure at n. Let 
V denote the set of non-negative, finitely supported measures )U on N of the 
form H = Aje*. , where Aj € [0, 1] and ji G Fj for all i eN. 

Let Vi = {fi : Ei/"(^*)<1}- 

Definition 3.1. A measure G V is said to be Z-bounded, provided that 
< 1 for every sequence (Gj) of subsets ofN with Gi an initial seg- 
ment of Fi (we allow Gi = ^) for all i eN, such that \\ Ylii\^i\/\-^i\)^i\\z < 
1. 

Remark 3.2. A typical example of a Z-bounded measure is as follows: Let 
(pi) be a sequence of non-negative scalars such that WYliPi^iWz* < 1- For 
every z G N, choose an initial segment Gi of Fi . Let L he a finite subset of 
N and define pL = ^i^j pii\Gi\/\Fi\)e'^^^Q . Then fi is Z-bounded. Indeed, 
let (Hi) be a sequence of finite subsets of N with each Hi being an initial 
segment of Fi, such that \\^i{\Hi\/\Fi\)zi\\z < 1- Let i € I. Then, either 
Gi is an initial segment of Hi, or, max Gi > max Hi. If the former, then 
fiiH,) = p,i\G^\/\F,\) and \G^\/\F,\ < \H^\/\F,\. If the latter, then fi{H,) = 0. 
Let Ii be the subset of I consisting of those elements of I for which the 
first alternative occurs. Then, \\Yli&iii\^i\/\Fi\)zi\\z < 1, by our initial 
assumptions on {zi), and so 

Definition 3.3. A finite sequence {pi)i^i of non-zero, disjointly supported 
members of Vi is called admissible, if for every n G N we have that Fn H 
supp //j / for at most one i < k, and, moreover, if Fn n supp /Xj 7^ for 
some n G N and i < k, then k < minF„. 

Note in particular that {minsupp//i : i < k} e Si ii (/uOiLi is admissible. 
We can now describe a norming subset of the space we wish to construct. 

M = <.liGV,iiisZ— bounded, p = pi, k and 

i=i 

ilJ.i)i=i is an admissible sequence in "Pil U {e* : n G N} U {0}. 

It is easy to see that p,\I G M for every G Al and all I C N. We can now 
define a norm || • ||_a4 on cqo by 



= max 



fi{{i})x{i) : iJ, e M>,y X e Coo- 

i ^ 



Let X_\4 be the completion of (cqo, || • ||a^)- Since M is closed under restric- 
tions to subsets of N, we obtain that the natural basis (cn) of cqo becomes a 
normalized, suppression 1-unconditional basis for X_\4. Note also that A4 is 
an isometrically norming subset of Bx^- Our objective is to show that X_\4 
is isomorphically polyhedral and admits a quotient isomorphic to Z. The 
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first task is accomplislied through the next result, proved in [iO\ via Elton's 
theorem [6]. 

Proposition 3.4. Let X be a Banach space with a normalized Schauder 
basis (e„). Let (e*) denote the sequence of Junctionals biorthogonal to (e„). 
Assume there is a bounded norming subset B of X* with the following prop- 
erty: There exists a compact family T of finite subsets of N such that for 
every b* £ B there exist F £ T and a finite sequence (b^ktzp of finitely 
supported absolutely sub-convex combinations of (e* ) so that b* = X^y^e-F ^fc 

and minsupp6^ > k for all k £ F. Then, Y2n < ^* ^ 

and X is isomorphically polyhedral. 

Corollary 3.5. X/^ is isomorphically polyhedral and (e„) is an uncondi- 
tional, shrinking normalized basis for Xj^ ■ 

Proof. The fact that (e„) is normalized and unconditional follows directly 
from the definition of M. Next, let ^ £ Jv[. We verify that the conditions 
given in Proposition 13.41 are fulfilled by /x with T = Si. Indeed, this is 
obvious when /i = e* for some n G N. Otherwise, ^ = X]i=i A** for some 
A; € N and an admissible family of members of Vi. Since every /x, 

is a finitely supported sub-convex combination of (e*), and {minsupp/ij : 
i < k} (z Si, the first assertion of the corollary follows from Proposition 13.41 
Since Xj\4 is CQ-saturated, it can not contain any isomorph of ii and thus a 
classical result due to James yields that (e„) is shrinking. □ 

In the sequel, we shall write || • ||, resp. || • ||*, instead of || • \\mi resp. 

II ■ Wxx,- 

The next lemma describes a simple method for selecting subsequences of 
(e„), equivalent to the co-basis. 

Lemma 3.6. Let I be a finite subset o/N and {Gn)nei o- sequence of finite 
subsets of N with Gn an initial segment of Fn for all n £ I, such that 

II X/ne/(l^"l/l-^"l)^" 

\\z < 1. Then, \\ Y^nei T.k&Gn < 1- 

Proof. Set u = Yln&i^k&Gn^f^' show that < 1 for all /i S Ai. 

In case /i = e* for some n € N, then the assertion trivially holds. Every 
other element /i G is Z-bounded and so ii{u) = Yln&i l^i^n) < 1> as 

\\T.n^l{\Gn\/\Fn\)Zn\\z<l. □ 

4. Z IS ISOMORPHIC TO A QUOTIENT OF Xm 

The main result of this section is the following 

Theorem 4.1. Let u* = X^jgir„(l/|i^j|)e*, for all n G N. Then (u*) is 
equivalent to {z^), the sequence of functionals biorthogonal to {zn)- 

The proof of this result will follow after a series of lemmas, where we 
first show that (n*) dominates (z*) and then that it is dominated by {z"!^). 
Note that our initial assumptions on {zn) yield that (z*) is a normalized, 
suppression 1-unconditional basis for Z* . 
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Lemma 4.2. (n*) dominates (z^). 

Proof. Note first that (n*) is a normalized (convex) block basis of (e*) in 
X^. This is so since || X^igF ~ ^' all n G N (observe that the 
support of every member of Ai meets each F„ in at most one point). We 
thus obtain that (u* ) is normalized and suppression 1-unconditional. 

Now let n G N and (ai)-Li be scalars in [0, 1] with || Yli=i (^i^^Wz* < 1- We 
next find scalars (^j)F=i [0' 1] so that || Y17=i ^i^iWz < 1 and "^^^i dihi = 

En ^11 
»=i aiZi \\z*- 

For each i < n choose an initial segment Gi of Fi so that 
\G^\/\Fi\<b, < {\G^\/\Fi\) + {l/\Fi\). 
This choice ensures, thanks to our initial assumptions on (zn), that 



Zi 



1=1 



< 



1=1 



< 1. 



Let u = X]r=i SfcGG, deduce from Lemma [3.6| that |[n|| < 1. It 

follows now that 



E 

i=l 



OjUi 



> 



i=l 



1=1 

n 



1=1 k&Fi 



i=l 



>Y,<^i{h-{im\))> Y^aa* 

i=l i=l 

Next suppose that n € N and {ai)^^^ is a scalar sequence satisfying 

II Z]r=i '^i-^ill^* ~ ^- = {i < n : tti > 0} and I~ = I \ /+. Our 

preceding work yields that 



> 



E 



aiZi 



z* 



^(i/|F,|),Vje {+,-}. 



iG/J 



We deduce now from the above and the fact that (u*) is suppression 1- 
unconditional, that 



i=l 



Y^a^u* >1 -£(1/1^,1) >0. 



1=1 



Therefore, letting A = (1/2)(1 - > 0' ^e obtain that 



1=1 



> A 



E 

i=l 



aiZi 



for every n G N and all choices of scalars (aj)"^j^ C M. The proof of the 
lemma is now complete. □ 

Lemma 4.3. Let u = Ylii'^i^i be a finitely supported vector in X_m, with 
\\u\\ < 1 and ai > 0, for all i G N. Let fj, £ V be Z-bounded and write 
fj, = Yli&i where I is a finite subset ofN, ji G Fi and Aj G (0,1] for 
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all i ^ I. Suppose that there exists n G N U {0} with n < min/ such that 
o-ji > Cn+i; for all i E I. Then, ||/x||* < 2. 

Proof. Set h = {i e I : Xi > 1/2} and I2 = I\Ii. The assertion of the 
lemma will follow once we show that fi\Is & Ai for every s < 2. To this end, 
we first claim that < 2/e„_|_i. 

Indeed, if the claim were false, let d = 2/e^+i and choose d+l elements 
i\ < ■■■ < id+i in h- Since d < minFj, for alH G 7 (by the initial choice 
of the sequence (Fi)) we have that (Age*. )^^| is an admissible sequence of 
members of Vi. Moreover, since ^ is Z-bounded, so is /i| J, for every J C N. 
Therefore, ^flj A^e*.^ G M and so our assumptions on u yield that 

d+l d+l 

1 > \\u\\ >^\se*Ju) = J2^saj,s ^ (0! + l)(en+i/2) > 1, 

s=l s=l 

a contradiction that proves our claim. It follows now that (Aje^Jjg/j is an 
admissible family and hence G Ai. 

We next show that /li|/2 G Ai. We first choose a non-empty initial segment 
Ji of I2 which is maximal with respect to the condition X^j^j^ Aj < 1. In 
case Ji = I2, the assertion follows as Vi C Ai. 

If Ji is a proper initial segment of I2, then, by maximality, we must have 

1/2 <Y.Xi<l, 

ieJi 

as Aj < 1/2, for every i G /2. We now set /ii = X^jgj^ ^i^j^- This measure 
belongs to Vi and satisfies fii{u) > €n+i/2 because Oj. > Cn+i, for all z G /. 

We repeat the same process to I2 \ J\ and obtain a non-empty initial 
segment J2 of l2\ Ji, and a measure /i2 = X].jgj2 ^i^'ji in T^i so that either 
Ji U J2 = I2, or, J2 is a proper initial segment of I2 \ Ji satisfying ii2{u) > 
en+i/2. If the former, the process stops. If the latter, the process continues. 
Because I2 is finite, this process will terminate after a finite number of steps, 
say k. We shall then have produced successive subintervals Ji < ■ ■ ■ < Jk 
of I2 with I2 = ^r=i "^r ) and measures /ni < • • • < //^ in "Pi with //^ = 
SiGJr ^i^ji^ r <k. Moreover, Uriu) > e„+i/2, for all r < k. 

We claim that k < d = 2/en+i- Indeed, assuming the contrary, we have 
by the choice of k, that fJ,r{u) > e„+i/2, for all r < d. But also, 2/e„+i < 
minimi, as i > n -I- 1 for alH G /, and thus, {iJr)f=i is admissible. Since 
u = Ylt=i l^r = A^l ^f=i Jr, it is Z'-bounded and so 1/ G Ai. Therefore, 

d 

1 > ||w|| > '^firiu) > den+i/2 = 1, 

r=l 

which is a contradiction. Hence, k < 2/en+i < minFj, for all i £ I. This 
implies that is admissible and so //|/2 = ^^^=1 A*'' ^ completing 

the proof of the lemma. □ 
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Lemma 4.4. Let u = ^^aiei he a finitely supported vector in Xj^, with 
\\u\\ < 1 and ai > 0, for all z € N. Let I he a finite suhset of N and 
n € N U {0} with n < mini. Suppose that for each i ^ I there exists an 
initial segment Gi of Fi such that amaxGi — ^n+i- Let (pi) be a sequence of 
non-negative scalars such that \\ Yli Pi^iWz* ^ 1- Assume further that there 
exists a family J of pairwise disjoint suhsets of I such that every member J 
of J satisfies the following conditions: (1) || X]jgj(|Gj|/|Fj|)2;j||^ < 1, and 
(2) T.^eJ Pi(\Gi\/\Fi\) > Sn- Then, \ J\ < (l/e„+i)(l + [l/6n]) and, 

< (1 + l/<5„,)0(A:or+^ 

Jej ieJ 

Proof. We set d = (l/e,i+i)(l + and assume, to the contrary, that 

\J'\ > d. We can now select pairwise disjoint members Ji, . . . , Jd of J and 
define = EieJ,. Pid^^il/l^iD^maxG,' ^11 r < d. Since || T.iPiztWz* < 1, 
(1) imphes that /i^ € Vi for all r < d. But also, n + 1 < i, for all i G I 
and thus, d < minFj for all i I, because of our initial assumptions on 
{Fi). It follows now that {^r)i=i is admissible. Let ^ = Ylt=iPr- Since /x 
is Z'-bounded (see Remark I3.2p . we infer from the above that p £ M and 
therefore, 



r=l ieJr 
d 

en+1 > ^n+i^nd, by (2). 



Hence, d < l/(e„4.i5„) < (l/e„+i)(l + = d. This contradiction shows 
that \ J\ < d, as required. 

We next verify the second assertion of the lemma. To this end, 

j;p.(|G.|/|F,|) = (Y,p^z:) (X X(|G,|/|F,|k) 

< 



JeJ ieJ 



<m\), by (1), 

z 

< </.((l/e„+i)(l + [!/<)„])) < (A(l/e„+i )</)(! + [l/5„]), 
by the submultiplicativity of (f), 

< (1 + l/<5„)0(fco"+') < (1 + l/6n)cPikor^\ 

using once again the fact that (f> is submultiplicative. This concludes the 
proof of the lemma. □ 

Lemma 4.5. There exists a constant C > such that for every / C N, 
finite, and every collection of scalars {pi)i^i with \\ YliPi^iWz* ^ 1; we have 
that II X^ie/ Pi^i II* — G. Consequently, {z*) dominates (u*). 
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Proof. The unconditionality of {z*) clearly allows us establish the assertion 
of the lemma under the additional assumption that pi > 0, for all i ^ I. 
Given n E N U {0}, let I„ = S / : i > n}. Let u = aiei be a finitely 
supported vector in X_a4, with ||u|| < 1 and > 0, for all i G N. We have 
the following initial estimate 



(4.1) 

i&I 



oo oo 

<J]ne„ + ^^Pi aj/\Fi\. 

71=0 n=Oig/„ jgFi:aje(e„+i,€„] 



Fix some n G N U {0}. For each i In, let j" denote the largest j G Fi 
so that Qj € (e„+i,e„]. In case j^^ fails to exist, then the corresponding 
summand in (|4.1|) equals and thus it has no effect into our estimates. Let 
G" be the initial segment of Fi with max G" = . It is clear that 



(4.2) 



\Fi\ < {en/en+i)ajr.{\G'l\/\Fi\),yieIn 



jeFi:aj€{en+-i,€n] 

Call a subset J of /„ bad, if 



Ym\m\)z, < 1, and Yp^{\G^\m\) > 5n. 

It is clear that we can extract a maximal, under inclusion, family J7n consist- 
ing of pairwise disjoint, bad subsets of In- We now observe the following: If 



JCIn\UJn and \\EieA\Gf\/\mz^ 



<l,then j:^ejPii\G?\/\Fi\)<dn 



T.iGl„\uj„ Pii\Gi\/\Fi\)'^jl'' we infer from the preceding 



Indeed, if that were not so, then J would be bad, contradicting the maxi- 
mality of J'n- 
Letting /x„ 

observation, that {l/6n)lJ'n is a Z-bounded measure. On the other hand, 
flj" ^ En+i) for each i G In for which exists, and therefore Lemma |4.3 
yields that < 2(5„. Taking in account (j4.2p . we obtain the estimate 

(4.3) 

P^ E a,/m<{en/en+i) Yl P^^Jl<\G7\m\) 

] ieIn\Ujn 

= (e„/e„+i)/i„,(n) < 2ko6n. 
We next employ Lemma 14.41 to obtain the estimate 

(4.4) Y ^ (1 + l/^n)<A(fco)"+' 
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and thus, taking ()4.2p into account, we reach the estimate 
(4.5) 

^ Pi aj/\Fi\ 

= ko<P{ko)il + l/5n){Hko)/kor = ko<p{ko)[{(t>iko)/kor + (Hko) / XkoT] ■ 

Let Bn = kQct){ko)[{(t){ko)/kQY + {(pik^) / Xk^Y]. Equations ([13]) and M 
now yield that 

Y,Pi Yl aj/\Fi\<2ko6n + Bn,^n>Q, 
and so, finally, (j4.ip gives us the estimate 

oo 

Y Pi^Ku) < ^(rae„ + 2ko6n + Bn) < oo, 

ie/ n=0 

as < (p{ko)/kQ < A < 1. The assertion of the lemma now follows as (e^) is 
an unconditional basis for Xj^. □ 

Proof of Theorem \4-l\ It follows directly from Lemmas 14. 21 and l4.5l that (u*) 
and (z*) are equivalent. □ 

Corollary 4.6. Z is isomorphic to a quotient of X_m o^nd the map Q : Xj^ — >■ 

Z given by 

Qf ^OnCn j = XI CLk/\Fn\jZn 

is a well- defined, bounded, linear surjection. 

Proof. Since (z*) dominates (u* ), we have that Q is a well-defined, bounded, 
linear operator. It is easy to see now, that Q*{z^) = n*, for all n G N, and 
thus Q* is an isomorphic embedding of Z* into X^ , by Theorem 14. 1[ It 
follows now that Q is a surjection. □ 
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